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This article is the first experimental demonstration of autothermal operation in an
open loop reactor for catalytic abatement of low-concentration volatile organic com-
pounds (VOC). The system under investigation, which comprises three reactors organ-
ized in a loop with automatic switching of the feed position, has been successfully
operated for ethylene oxidation. The influence of the feed flow rate and concentration
on the pulse velocity and maximal temperature has been investigated. A simple analyti-
cal approximation for front velocity in the nonadiabatic one-dimensional (ID) model
has been derived and compared with the experimental results. © 2008 American Institute
of Chemical Engineers AIChE J, 54: 2413-2422, 2008
Keywords: catalytic, reactor design, autothermal reactor, combustion, chemical reac-
tors, reaction engineering, forced unsteady-state reactors

Introduction

Several conceptual solutions that combine a packed bed
and enthalpy recuperation have been suggested for abatement
of low-concentration volatile organic compounds (VOC).
These include the reverse-flow reactor (RF),'? the loop or
ring reactor (LR), which may take several forms as discussed
below, the counter-current (CCR)4 or the internal-recycle re-
actor and the reactor with external recycle and external heat
exchanger. The loop reactor in the form composed of several
units with feed switching between them has been simulated
by Barresi and coworkers,” whereas we have generalized
these results by studying the asymptotic solutions of loop
reactors, in which a single exothermic reaction occurs.*
Another form of a circulation loop reactor, in the form of
single-port reactor in which a section near the inlet is heated
via a heat-exchanger by the exit stream, was suggested by
Gilles and Lauschke.”

This article is the first experimental verification of VOC
combustion in an open loop reactor made of three catalytic
reactors. The results are compared to a simple analytical
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approximation for front velocity in the nonadiabatic one-
dimensional model.

We describe below the main features of reverse-flow and
loop reactors. Flow-reversal reactors, in which the feed is
varying between two ports, are currently attracting intensive
research and have been applied commercially. The advantage
of reactors with periodic flow reversal over simple once-
through operation for attaining high temperatures has been
demonstrated in many studies of adiabatic units during the
past decade. This feature makes them especially attractive
for VOC oxidation or NO reduction'*®’ (for a recent
review, see Kolios et al.®). This high temperature results
from the nature of heat loss in the two reactors: in a simple
adiabatic fixed bed, the reaction heat is dissipated by convec-
tion, whereas in the flow-reversal unit with fast switching,
heat is lost mainly by conduction, and this term can be miti-
gated by building long inert zones on both sides of the cata-
lytic layer. The main advantage of a reactor with flow rever-
sal for combustion purposes is that the bed temperature
increases with the flow rate into the reactor, as more material
is consumed. Other applications of this technology capital-
ized on the nonmonotonic temperature profile and were
aimed at improving conversion of exothermic reversible

equilibrium-limited reactions such as SO, oxidation®'® and
methanol or ammonia synthesis.“’13
Vol. 54, No. 9 2413



Table 1. Experiments Conditions

Parameter Working Area
Velocity (m/s) 0.505-0.732
Residence time (s) 1.64-2.38
Ethylene concentration (% vol) 0.5-0.85
Switching (min) 62.8-533.7
Pressure (atm) 1-1.5

Open Loop reactors extend the two-port concept into feed-
ing at several or many ports in several reactor units that are
organized in a loop (Figure 1). To illustrate this concept, a
loop reactor with N units (N > 2) is considered with a feed
port and an exit port that are switched at every predeter-
mined time interval o. In the first interval, the feed flow
enters the first reactor and exits from reactor N. This pattern
will continue as long as the heat front is far from exiting re-
actor number one. At the second interval, the feed flow
enters the second reactor and exits from the first reactor, and
SO on.

In the desired loop reactor operation, a temperature pulse
(hot spot) is formed and rotates around the system. Its tem-
perature can be increased significantly by pushing the pulse;
the adiabatic temperature rise across a front in a fixed bed is
known to increase with front velocity (vg) (and in turn with
the fluid velocity, v,) by a factor of (v, — vg)/(ve — Le vg)
compared with the stationary front (vg. = 0). Some forms of
periodic boundary conditions are required, of course, to sus-
tain the periodic motion. Rotating pulses in a loop reactor
may emerge provided that the switching velocity (v, i.e.,
unit length/switching time) and the pulse velocity are
matched in a certain way. The maximal temperature in a
loop reactor exceeds that in reverse flow reactor.'®

The main drawback of the loop reactor is the narrow do-
main of switching velocities that support travelling pulses;
the domain becomes narrower with decreasing AT,q and
forms a cusp shaped domain in the (AT,q, Vey) plane.14 How-
ever, the maximal temperature in an adiabatic unit is
obtained for Le vg,/v, = 1, which should be easy to main-
tain, if Le is known. Approximate boundaries of the domain
of switching velocities where the pulse solution can be main-
tained were derived by Nekhamkina and Sheintuch (in press)
for a first-order reaction. Because not all parameters (espe-
cially Le) are known exactly, we incorporate a control mech-
anism to sustain the pulse.

The article is structured as follows: the experimental appa-
ratus and results are described in following two chapters.
The mathematical model is presented in the following chap-
ter along which the approximate solution derived for pulse
velocity.

Experimental

A system made of three fixed bed reactors was arranged in
the form of a loop (see Figures 1 and 2 for a flow chart and
a schematic chart). We describe below the feed reactor, anal-
ysis, and control procedures. There are six control valves,
which direct the flow in the system. To assure unidirectional
flow in the system, three one-way valves have been con-
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structed and placed at the exit of each reactor. These three
stainless steel valves were constructed in a way that the flow
is directed by a suspended ball, and they can withstand the
high temperatures of the system. The other six valves were
placed at the cold interface with the tubes outside the vac-
uum system.

The feed section includes the feed cylinders (ethylene gas,
99.9% purity from Gordon Gas and Chemicals) and com-
pressed air, purification and drying systems, flow controllers,
and a rotameter. The compressed air is passed through col-
umns of silica gel and of activated carbon to remove traces
of water and hydrocarbons. The system feed (ethylene) is
controlled by a mass flow controller (Brooks) that was cali-
brated and adapted to the system. The air flow is measured
by rotameter in a flow range of 10-50 1/min. The outlet CO,
concentration is measured online by an infrared analyzer
with a response time of 20 s (Emproco, Israel).

The three reactors are made of stainless steel (0.029-m di-
ameter and 0.4-m long) and packed by spherical catalytic
particles (0.5%, Pt/Al,O0; in 2-4-mm diameter, Johnson
Matheys, England). The inert section (0.135-m long) was
packed by similar size alumina pellet-shaped particles.

Fifteen thermocouples (type K) were placed along the
three reactors and connected to an analog to digital signal
convector. The data is displayed and stored in a PC in real
time on the computer screen.

For startup purposes, the first reactor is wrapped by a cy-
lindrical heating coil that enabled rapid heating. Following
van de Beld (1997)"° suggestion that the required tempera-
ture for full ethylene combustion catalyzed by Pt/Al,O;
(0.06%) is 136°C, the initial temperature imposed for the
preheated unit in this research was 150°C. When the neces-
sary temperature was achieved, under flow of air, the hydro-
carbon was introduced into the system and the heating was
turned off.

The three reactors are assembled inside a sealed cylinder
(stainless steel 304) connected to a vacuum pump that creates
a vacuum (0.7 torr) for the reduction of heat loss; this mech-
anism was used and studied in many works.'®!'” The inner
wall of the cylinder is covered by an aluminum foil to reflect
heat radiation from the system.

There are two simple methods for controlling the system:

1. Using constant time intervals predetermined at the
beginning of the experiment. This approach is possible

= A= (>
Inlet :@ sl A ;\l i B :EOudtl

Figure 1. Scheme of the three-reactor loop system.
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Figure 2. Valve arrangement in the loop reactor system.

when the parameters (especially heat capacity) are known
exactly.

2. Using feedback control to regulate the switching as
applied here: for two consecutive reactors, the feed is
switched from one reactor to the following when the temper-
ature measured at the entrance of the second reactor reaches
Tsw> and the temperature at the entrance of the first reactor
drops below Ti,. This approach was suggested by Barresi
and Fissore (2002)18 and adopted here.

The reaction used in this work, the oxidation of ethylene
on Pt/Al,05,is characterized by high exotermicity and self-
inhibition. Its rate was reported to exhibit negative-
order kinetics with respect to ethylene at low temperature.'?
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The rate expression reported by Mandler et al. (1983)"
is

k;'](.'z
(1 + Kic; + K262)2
A exp(—%)clcz

[+ Arexp(—Eey + Asexp(B)ea)

I'Ethylene =

)

where C; and C, are ethylene and oxygen concentration
in volume percentage. At high temperature, and with
oxygen in excess, Eq. 1 is reduced to a simple first-order
kinetics.
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Figure 3. Spatio-temporal color-scaled temperature profile presented in the time-space plane (air flow 25 I/min or
0.63 m/s fluid velocity with 0.7% ethylene in the feed).

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]

Experimental results

This is the first demonstration of the loop reactor system
for exothermic VOC combustion. We report on the effect of
varying feed flow rate and concentration (see Table 1). The
switching cycle was determined by the first thermocouple at
the entrance of the catalytic area in each reactor as explained
above with Ty, = Tiy — 10°C and Ty, = Tj,, + 10°C.
This control prevents the extinction of the system as well as
from temperatures rising to an undesired level that may lead
to deactivation.

Demonstration of loop-reactor system

A typical spatiotemporal temperature pattern of the system,
shown by Figure 3 in a color-scale plot, exhibits a moving
pulse pattern. These results were obtained after the reactor
was initially heated up in air to 150°C (i.e., the ignition tem-
perature of ethylene oxidation), and ethylene was subse-
quently added and the external heating stopped. Figure 4a
demonstrated three temperature profiles (three snapshots)
inside the closed loop system. Comparison of entire cycles
after spatial translation shows overlapping temperature pro-
files (blue line and light blue line, Figure 4a). The pulse ve-
locity obtained in this case was 1.75 X 107% m/s (slope of
pattern in Figure 3).

The pulse speed matches the switching speed and depends
mainly on the fluid velocity (v,) and on the Lewis number
(Le), the heat capacity ratio of the bed to the fluid. Theory
shows that for an adiabatic system v, = v./Le, yields the
highest temperature. Note that Le is different in unit A due
to the heating elements. The temperature profile repeats
itself every 114 min (L/vy,). In addition, it can be seen that
the periodic steady state is attained only after two cycles
(Figure 5b).

Flow velocity effect

One of the advantages of heat recuperating reactors (RFO,
open loop) is that they become more efficient as feed flow
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rate increases. Theory shows that increasing the feed flow
rate will increase the maximal temperature in an adiabatic
unit.>* Another minor effect, which leads to a temperature
rise, is due to improvement of mass transfer effects at higher
feed velocities. Experiments indeed show that increasing the
feed flow rate leads to a linear rise of the maximal tempera-
ture in the system (Figure 5a, v = 0.5-0.7 m/s). Complete
conversion was achieved in all cases. It can be also seen that
the experimental results are in a good agreement with the an-
alytical approximation we have developed (Eq. 13).

It is expected from the developed approximation that the
pulse velocity should increase linearly with the feed velocity
(Egs. 10 and 12). The experimental results obtained within
the narrow domain of flow rate studied follows well this pre-
diction (Figure 5b).

Effect of contaminant concentration

An additional controllable parameter that can be changed
independently is the contaminant (ethylene) concentration,
which directly affects the adiabatic temperature rise (AT,p).
A high concentration of consumed reacted gas (Cj,) is trans-
lated to additional energy. Figure 6 shows higher maximal
temperatures (7,,) obtained in the experiments with increas-
ing Cy,. This behavior is also relatively well predicted by the
analytical approximation (Figure 6) that also predicts a
decline of the pulse velocity with increasing contaminant
concentrations.

Mathematical model and analytical results

In this section, we derive an expression for the maximal
temperature and pulse velocity in a nonadiabatic fixed bed,
which are compared with experimental observations (Figures
5 and 6), assuming that the pulse in a loop reactor moves at
the switching velocity. Although we are aware of approximate
solution for front velocity in a nonadiabatic reactor,”” we refer

September 2008 Vol. 54, No. 9 AIChE Journal
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Figure 4. Three snapshots of the temperature pulse propagation (a) and their overlapping profiles (b) after spatial

translation (conditions in as Figure 3).

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]

to it at the end of this section and compare our results, showing
that it cannot adequately describe our results.

Simulations show that the vg in an adiabatic long loop
reactor is close to that in a once-through long reactor.* We
derive the solution for nonadiabatic once-through reactor as an
approximation for a bounded nonadiabatic loop reactor.

Consider a pseudohomogeneous one-dimensional (1D)
model of a once-through nonadiabatic fixed bed reactor in
which a reaction of a general kinetics occurs [r(7, C) is the
rate expression]. The enthalpy and mass balances are
described by
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With appropriate initial and boundary (Danckwerts) condi-
tions:
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Figure 5. The dependence of the maximal measured
temperature and conversion (a) and the
measured pulse velocity (b) on fluid velocity
(conditions in as Figure 4).

Also shown is their approximation by the model. [Color figure
can be viewed in the online issue, which is available at www.
interscience.wiley.com.]

ac or
Z=Zi EDEZVO(C—QH), ksE: (pCp)gvo(T — Tin)
o
S e

t=0 C(z)=Co; T(2)=Tp

3

We limit our study to generic first-order activated and exo-
thermic reactions with a rate of r = A exp(—E/R,T)C. To a
first approximation, the conduction is const (k), axial disper-
sion of mass is assumed to be negligible®’ (D — 0), and
thermodynamic parameters (p, C,) are assumed to be con-
stant. With these assumptions, the system (Eqs. 3 and 4) may
be rewritten in the dimensionless form as

dy 9y 1 &Py _
Le@r_'—&f P, aifBDaR W — yw);
Ox Ox
4 = 4
af“ag DaR 4)
Yy
R(x,y) = (1 —x)ex ;
()= (1= ewp (2
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1=0:y(0,z) =y, x(0,z) =x0
1 dy
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é éln Pey 86 y7 'X (5)
Jy Ox
é éout aé bl aé
With
| C T —Ti ¢ z tu
X = —_—— = = — = —
Cin bl y / Tl b L ) FL b
E, (—=AH)Cy L(1 —¢)A
y= , B=y—=7"—, Da=—-"—exp(—y),
RyTin (PCp)¢Tin u p(=7)
Le — (1 =2)(pCp), _ (pCp)suL
8(pCP)f I Cy ks )
4UL
WU7L7d7 pC Vol = 77~
[ ( P)f ] d(pcp)fvo

To determine the propagation velocity and the maximal tem-
perature, we assume the thermal front to be ideal, moving
along an infinitely long bed at a constant velocity.”' These
conditions are met for an exothermic highly activated irre-
versible reaction, because a narrow reaction zone is formed
(the reaction rate is negligible before and after the front).
The corresponding asymptotic solution of the maximal tem-
perature in a slow-switching finite-length loop reactor'* was
shown to approximately follow.

D m : VYm I—e SW ?
F(ym) = o— (1 +y—) exp( Al ) _ (L= v /vo)
PeyB Y Y+ Ym 1+ OC(szaym)

6

where y,, is the dimensionless maximal temperature and
o(Vsw, Ym) 1s @ correction term due to the finite system length
and inhomogeneous boundary conditions; « — 0 and vy, —
Vo for an unbounded reactor. The solution of front move-
ment in an unbounded once-through system is quite similar,
with?? FQyn — (1 — €Ve/vo)®. This similarity between the

78O

Tmax[K]

# Experimental
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0 0.2 04 06 08 1 12
C (% Vol.]

Figure 6. The dependence the measured and approxi-
mated maximal temperature on feed concen-
tration (fluid velocity is 0.63 m/s).

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]

switching velocity (vg), defined as vy, = AL/g, in a long
loop reactor and the front velocity (vg) in an unbounded
once-through reactor is expected to hold here as well in the
nonadiabatic case. In such a case, it is convenient to trans-
form the governing Eq. 4 using a moving coordinate system
with fixed positions of the inlet and outlet:

t=1, 7 =z—vut

And, in dimensionless coordinates

In an adiabatic (W = 0) “ideal” front, a simple integration
of Eq. 8 allows to obtain a relation between the maximal
temperature rise and the front velocity:

(1 — wLle)ym = B(1 — ®)xn.

In the nonadiabatic case, the temperature profile is assumed,
for simplicity, to be linear at the pulse front (—=d; < & < 0)
and at its back (0 < & < 0,) (Figure 7). To estimate the
effect of the heat loses, we integrate the heat loss in a trian-

=1, (=¢—owr, o= EVsw gularlike spatial temperature profile (Figure 7) and integrate
Vo Eq. 8 (from —oo up to 0) to find
0 dy 1 Wymd
Le—y/—i—(l — L. w)_y:__)2)+BDaR_W(y_yw) —0<{<0=0=(1—-Le ®)ym —B(l —®)xn + yz !
or ol P, N s
0x Ox (1 Ym02
@Hl—w)a—C:DaR(x?y) 0<{<xx=0 (I —Le )ym + > 9)

We try to derive such an approximation based on a “steady”
frozen front solution (Jy/07" = 0x/07 = 0).

In a similarity to an “ideal” front in an adiabatic system,
we can define an “ideal” front in a nonadiabatic with the
exit temperature y ({ - o0) = y,. For an “ideal” front in an
infinitely long system, the boundary condition are modified
to

and with J; to be determined later from experimental results.
Equation 9 for { < 0 can be written as
B(1 — w)xpy,

=" 10
Y (14+% —Le ) (10

An inspection of Eq. 7 shows that w < 1 (otherwise 0x/0¢
< 0). To ensure that y,, > 0, the dimensionless heat front
velocity must obey Le o < (1 + W§,/2).

~0 dy 0 0 Equation 10 provides relation between w and y,,: ® cannot
{——o0, y= = X be determined, as the value of y,, is unknown. To calculate w,
Ay let us integrate Eqgs. 8 under certain simplifying assumption.
(=400 y=y,=0 —==0
T ¢ oyjoc—p, L=@B, W
y =ley———— V= Ve, ——
The mass and heat balances in stationary Eq. 7 can be added © Ym 2
as follows: YW, 0
5 X 5 = Pe, m2 —PeyB(l —w)x—i—PeyW/ydC (11)
(1—wLe)a—Z:])—(’?zy/tf)C2+B(l—w)a—z—Wy z
€
Ox ' ®) We shall use the extrapolation method developed by Kiselev
(1-w) 57C = DaR(x,y) (1993). As is shown in the Appendix, the main impact of various
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terms can be estimated by their values around the front position.
To simplify the problem, we can replace the last term of Eq. 11
by its approximation, Po,Wym0;.

In Appendix, we show (Eqs. A7) that the pulse velocity is

(7 +¥m) [DaK(ym)
y P. B

w=1-—

N
m

K(ym) = exp (%) (12)

Substituting @ from Eq. 10 into Eq. 12, we obtain an equa-
tion with respect to a single unknown variable y,:

Da <1 +ym)2exp< Y > :y;(l 15— Le)” (13)
PeB s 7+ Ym (B — ymLe)?

In adiabatic system (W — 0), we obtain

D : 2 (1 —Le)
: (l—i-y—m> exp< m >:ym( e)2 (14)
V 7+ Ym (B — ymLe)

which for Le > 1 and y,, Le > B is reduced to

D, Ym : ?Ym
F(ym) = (1 +—> exp(—) =1 (15)

~ PB Y 7+ Ym

which agrees with solutions in the literature (Eq. 6)

Gattica et al.”° developed an approximation for maximal
temperature and front velocity using similar assumptions as
well as assuming that the reaction zone is extremely narrow:

B(1 — )
Ym = 12
((1 —Le w)* —5—%)
i (16)
w=1— (ym + V) DaK()’m)
Y PeyB

When comparing our approximation, which uses an experi-
mentally determined value of pulse width (J,) with theirs,
we find that ¢, should be

4w
oy =W(L -Hil1—- /[ 1+—- 17
1 ( € w )|: \/ +Pey(1_Le w)2:| ( )

Using the experimental values, we find d; ~ 1072 vs. §; ~
10~ " determined from Figure 7; therefore, in this work, an
alternative approximation was developed.

Application

We use Eq. 13, using the experimentally determined value
of 07 (Figure 7) to predict the maximal temperature and the
pulse velocity.

As the discussion at the end of the previous chapter shows,
the procedure describes well the experimental observations in
Figures 5 and 6.

Conclusions

A system of loop-shaped reactor network was experimen-
tally investigated as an alternative to the reverse-flow reactor.
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The system including three reactors, each with an inert sec-
tion, with feedback control of feed position has been success-
fully operated for ethylene oxidation. The system can be con-
trolled by a simple set of two switches activated by crossing
two temperature set points. This strategy serves for startup
and is stable with respect to fluctuating inlet concentrations
and also of gas flow rates. Increasing feed flow rate and feed
ethylene concentration were found to lead to higher front
velocities and reactor maximal temperatures. An analytical
approximation for the heat front velocity and the maximal re-
actor temperature in a nonadiabatic system has been devel-
oped. The experimental results are in a good agreement with
the derived analytical approximations.

The loop reactor may admit higher temperatures than those
of the RF reactor, and, when deactivation cannot be avoided,
it spreads evenly around the system. Yet, the loop reactor
requires more valves and a feedback control. This work
shows that the latter obstacles can be overcome.
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Notation
Symbols

A = pre-exponentional factor (s ')
B = dimensionless temperature rise in adiabatic model
C = concentration (gmol m~ %)
Cpy = gas heat capacity (kJ kg~' K™
Cp; = solid heat capacity (kJ kg ™' K1)
d = reactor diameter (m)
D = effective axial mass dispersion m*s™h
Da = Damkohler number
E, = activation energy (kJ gmol ')
ks = solid thermal conductivity (kJ m'sTTKH
K = another dimensionless reaction (m> gmol b
L = reactor length (m)
Le = Lewis number in adiabatic model
Pe, = Peclet number for heat in adiabatic model
r = reaction rate (gmol shH
R = dimensionless reaction rate
R, = gas constant (8.314 kJ kmol ' K1)
t = time (s)
/' = time in a moving coordinate (s)
T = temperature (K)
T, = inlet temperature (K)
Ty, = ignition temperature (K)
T = maximal temperature (K)
Tsw = switch temperature (K)
T,, = wall temperature (K)
U = heat transfer coefficient (kI m 2 s~ ' K1)
W = dimensionless heat transfer coefficient
v, = gas velocity
v, = heat front velocity (s)
Vew = switch velocity (s)
w = another dimensionless temperature
X = conversion
X, = maximal conversion
y = dimensionless temperature
Ym = dimensionless maximal temperature
yw = dimensionless wall temperature
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z = axial coordinate (m)
7 = axial coordinate in a moving coordinate (m)
—AH = heat of combustion (kJ gmolfl)

Greek letters

7 = dimensionless activation energy
AT,q = adiabatic temperature rise (K)
& = reactor bed void fraction
¢ = switching period (s)
¢ = dimensionless axial coordinate
pe = gas density (kg m?)
ps = solid density kg m*
T = dimensionless time
" = dimensionless time in a moving coordinate
o = dimensionless front velocity
{ = dimensionless axial coordinate in a moving coordinate

Abbreviations

CCR = counter-current reactor
LR = loop reactor or ring reactor
RF =reverse flow

VOC = volatile organic compounds
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Appendix

We follow the procedure of Kiselev?? to determine the

maximal temperature: introducing a new variable w = y/y,
Eq. 12 in text can be rewritten as

ow PeB YWy
. 1 — —x) =
= e 179 {(W N VB — )
Ox
1 — ) =D.R Al
( CO) 8C a ( )
ymWé, PYm
_omTol K - _om
Dividing the two equations mentioned earlier, we obtain
mDaK (1 —
Ox YmDK (1 — x) (A2)

W P B(1— ) Ww(l—0Q)—

Assuming full conversions (x,, = 1) at the pulse (peak), we
obtain

o= £, 3) = p)glo, ),
_ ymDaK _ (1 _ X) (A3)
p(w)_PeyB(l—w)z’ 8w ) T w(l-0Q)—x

Note that g(w,x) possesses a singularity if x — 1 while w —
land 0 < Q < 1; however, the limits g(w,x) and dx/dw (x,))
are finite

—x
lim X, = lim f(w,x) = p(1) 1 -
w,x—1 XW (A4)
lim X, = 1+ P(1)
w,x—1
Integrating Eq. A2, we obtain
1
1= [ pwlgte, s (A3)
0
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Using the assumption of a narrow reaction zone, the inte-
gral in (AS5) can be approximated as

x(w)=1—x(1 —w)

and substitute in (A3)

21— w)

W

w—1+x(1—w)

1%

g(w,x)

Using now (A4)

1+P(1) 1
1+P(l)—l_l+m

1%
1%

g(w,x) 1

Here, we assume that P(1) > 1.2 Substituting g(w,x) into
Eq. AS, we obtain jép(w)dw =1or

1
7(Wym
ex dw =1 (A6)
PeyB (1-w 20/ p[Hwym]

Equation 11 for a closed system with respect to the two
unknown (@ and y,,). The integral in Eq. A5 can be esti-

mated using the Frank-Kamenetski*'
power in the area of w = 1:

approach. Consider the

V(WYm) ~ /Ym 'VYm(V+Wym)_Vy;2n (W—l)
7+ Wmlyoy 7+ Vm (74 ym)? wel
+o((w—1)%
yym) | wm P ym(w 1)
THEWnlyer P HEYm (P Fym)’

Now the integral in the LHS of Eq. AS is

1

1
/ YmDa PYm / Y ym 1)
p(w 2 - dw
o PeyB(l /+Ym y+ym

0

:Da(7+ym) K(ym)
72Pe,B(1 —w)2

Dy(y +Ym) K(ym)
72P,B(1 — w)2

—7 ym
(& +ym)2

—exp

As the last term in the square brackets can be neglected in
comparison with one. Equation 25 can be reduced to the fol-
lowing algebraic equation:

Dy(y +ym)2K(ym)

ST K(ym):exp< Pm ) A

Y+ Ym
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